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Linking microscopic and macroscopic behavior is at the heart of
many natural and social sciences. This apparent similarity conceals
essential differences across disciplines: Although physical parti-
cles are assumed to optimize the global energy, economic agents
maximize their own utility. Here, we solve exactly a Schelling-
like segregation model, which interpolates continuously between
cooperative and individual dynamics. We show that increasing the
degree of cooperativity induces a qualitative transition from a seg-
regated phase of low utility toward a mixed phase of high utility.
By introducing a simple function that links the individual and global
levels, we pave the way to a rigorous approach of a wide class of
systems, where dynamics are governed by individual strategies.

socioeconomy | statistical physics | segregation | phase transition |
coordination

he intricate relations between the individual and collective
levels are at the heart of many natural and social sciences.
Different disciplines wonder how atoms combine to form solids
(1,2), neurons give rise to consciousness (3,4), or individuals shape
societies (5, 6). However, scientific fields assume distinct points of
view for defining the “normal”, or “equilibrium”, aggregated state.
Physics looks at the collective level, selecting the configurations
that minimize the global free energy (2). In contrast, economic
agents behave in a selfish way, and equilibrium is attained when
no agent can increase its own satisfaction (7). Although similar at
first sight, the two approaches lead to radically different outcomes.
In this paper, we illustrate the differences between collective
and individual dynamics on an exactly solvable model similar to
Schelling’s segregation model (8). The model considers individ-
ual agents that prefer a mixed environment, with dynamics that
lead to segregated or mixed patterns at the global level. A “tax”
parameter monitors continuously the agents’ degree of altruism
or cooperativity, i.e., their consideration of the global welfare. At
high degrees of cooperativity, the system is in a mixed phase of
maximal utility. As the altruism parameter is decreased, a phase
transition occurs, leading to segregation. In this phase, the agents’
utilities remain low, in spite of continuous efforts to maximize
their satisfaction. This paradoxical result of Schelling’s segrega-
tion model (8) has generated an abundant literature. Many papers
have simulated how the global state depends on specific individual
utility functions, as reviewed by ref. 9. There have been attempts
at solving Schelling’s model analytically, in order to provide more
general results (10, 11). However, these approaches are limited to
specific utility functions. More recently, physicists have tried to use
a statistical physics approach to understand the segregation transi-
tion (12-14). The idea seems promising because statistical physics
has successfully bridged the micro—macro gap for physical systems
governed by collective dynamics. However, progress was slowed by
lack of an appropriate framework allowing for individual dynam-
ics (12). In this paper, we introduce a rigorous generalization of
the physicist’s free energy, which includes individual dynamics. By
introducing a “link” state function that is maximized in the sta-
tionary state, we pave the way to analytical treatments of a much
wider class of systems where dynamics are governed by individual
strategies. Applied to the above Schelling-like segregation model,
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this approach offers a quantitative solution for very general utility
functions.

Model

Our model represents in a schematic way the dynamics of residen-
tial moves in a city. For simplicity, we include one type of agent,
but our results can readily be generalized to deal with agents of
two “colors,” as in the original Schelling model (8) (see Discus-
sion and SI Appendix). The city is divided into Q blocks (Q > 1),
each block containing H cells or flats (Fig. 1). We assume that
each cell can contain at most one agent, so that the number n,; of
agents in a given block g (¢ = 1,..., Q) satisfies n; < H, and we
introduce the density of agents p, = n,/H. Each agent has the
same utility function u(p4), which describes the degree of satisfac-
tion concerning the density of the block in which he is living. The
collective utility is defined as the total utility of all the agents in
the city: U(x) = H }_, pqu(pq), where x = {p,} corresponds to the
coarse-grained configuration of the city, i.e., the knowledge of the
density of each block. For a given x, there is a large number of
ways to arrange the agents in the different cells. This number of
arrangements is quantified by its logarithm S(x), called the entropy
of the configuration x.

The dynamical rule allowing the agents to move from one block
to another is the following. At each time step, one picks up at
random an agent and a vacant cell. Then the agent moves in that
empty cell with probability

_ 1
T l4e 9T’

where x and y are respectively the configurations before and after
the move, and G is the gain associated to the proposed move.
The positive parameter 7 is a “temperature” that introduces in a
standard way (15) some noise on the decision process. It can be
interpreted as the effect of features that are not explicitly included
in the utility function but still affect the moving decision (urban
facilities, friends, etc.). We write the gain G as

G = Au+a(AU — Auw), [2]

Py [

where Au is the variation of the agent’s own utility upon moving
and AU is the variation of the total utility of all agents. The para-
meter 0 < a < 1 weights the contribution of the other agents’
utility variation in the calculation of the gain G, and it can thus be
interpreted as a degree of cooperativity (or altruism). For o = 0,
the probability to move only depends on the selfish interest of the
chosen agent, which corresponds to the spirit of economic mod-
els such as Schelling’s. When o = 1, the decision to move only
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Fig. 1. Configurations of a city composed of Q = 36 blocks containing each
H = 100 cells, with pp = 1/2. (A) Mixed state. Stationary state of the city for
m=0.5a=1,and T — 0. Agents are distributed homogeneously between
the blocks, each of them having a density of 0.5. (B) Segregated configuration.
Stationary state of the city for m = 0.5, « = 0, and T — 0. Agents are gath-
ered on 22 blocks of mean density 0.82, the other blocks being empty. In the
original Schelling model (8), each agent has a distinct neighborhood, defined
by its eight nearest neighbors. Here, we only keep the essential ingredient of
blocks of distinct densities. Our model shows the same qualitative behavior
as Schelling’s but can be solved exactly, thanks to the partial reduction of the
agents’ heterogeneity.

depends on the collective utility change, as in physics models. An
economical interpretation could be that individual moves are con-
trolled by a central government, via a tax that internalizes all the
externalities (more on this in Discussion). Varying o in a continu-
ous way, one can interpolate between the two limiting behaviors
of individual and collective dynamics.

Results

We wish to find the stationary probability distribution IT(x) of
the microscopic configurations x. If the gain G can be written as
G = AV =V (y) — V(x), where V' (x) is a function of the configu-
ration x, then the dynamics satisfy the detailed balance (16), and
the distribution IT(x) is given by

M) = %eF(")/T, 3]

with F(x) = V(x) + TS(x) and Z a normalization constant.
The entropy has for large H the standard expression S(x) =
HY, s(pq), with

s(p) = —plnp — (1 = p)In(1 — p). [4]

We now need to find the function V' (x), if it exists. Given the form
in Eq. 2 of G, finding such a function V' (x) amounts to finding
a “link” function L(x), connecting the individual and collective
levels, such that Au = AL. The function V' would thus be given
by V(x) = (1 — a)L(x) + aU(x). By analogy to the entropy, we
assume that L(x) can be written as a sum over the blocks, namely
L(x) = H}_,{(pg)- Considering a move from a block at den-
sity p; to a block at density p,, AL reduces in the large H limit
to £'(p2) — €'(p1), where ¢ is the derivative of £. The condition
Au = AL then leads to the identification ¢'(p) = u(p), from
which the expression of £(p) follows:

e(p) = /Opu(p’)dp’. [5]

As a result, the function F(x) can be expressed in the large H limit
as F(x) = H )", f(pq), with a block potential f(p) given by

f(p)=—-Tplnp—T(1—p)In(l - p)

+ apu(p) + (1 —a) /Opu(p/)dp’. [6]

Grauwin et al.

The probability I1(x) is dominated by the configurations x =
{pg} that maximize the sum Zq f(pg) under the constraint of a
fixed pp = Q7! 23:1 pg- To perform this maximization proce-
dure, we follow standard physics methods used in the study of
phase transitions [like liquid—vapor coexistence (18)], which can
be summarized as follows. If f (p) coincides with its concave hull at
a given density py, then the state of the city is homogeneous, and
all blocks have a density py. Otherwise, a phase separation occurs:
Some blocks have a density p] < po, whereas the others have a
density p5 > po (see SI Appendix).

Interestingly, the potential F = (1 — a)L 4+ aU + TS appears as
a generalization of the notion of free energy introduced in phys-
ical systems. Mapping the global utility U onto the opposite of
the energy of a physical system, it turns out that for « = 1, the
maximization of the function U + TS is equivalent to the mini-
mization of the free energy £ — TS. For a < 1, the potential F
takes into account individual moves through the link function L.
Furthermore, the potential F can be calculated for arbitrary util-
ity functions, allowing one to predict analytically the global town
state. Such an achievement has thus far eluded individualistic,
Schelling-type models, which had to be studied through numerical
simulations (9).

To explicitly obtain the equilibrium configurations, one needs
to know the specific form of the utility function. To illustrate the
dramatic influence of the cooperativity parameter o, we use the
asymmetrically peaked utility function (18), which indicates that
agents prefer mixed blocks (Fig. 2). The overall town density is
fixed at pp = 1/2 to avoid the trivial utility frustration resulting
from the impossibility to attain the optimal equilibrium (p, = 1/2
for all blocks). We also consider for simplicity the limit 7 — 0
in order to avoid entropy effects. The qualitative behavior of
the system is unchanged for py # 1/2 or for low values of the
temperature, as shown in the SI Appendix.

In the collective case (o = 1), the optimal state corresponds
to the configuration that maximizes the global utility, which can
be immediately guessed from Fig. 2, namely p, = 1/2 for all g
(Fig. 14). On the contrary, in the selfish case (o = 0, Fig. 1B),
maximization of the potential F(x) shows that the town settles
in a segregated configuration where a fraction of the blocks are
empty and the others have a density p; > 1/2. Surprisingly, the
city settles in this state of low utility in spite of agents’ contin-
uous efforts to maximize their own satisfaction. To understand
this frustrated configuration, note that the collective equilibrium
(pq = 1/2 for all g) is now an unstable Nash equilibrium at 7' > 0.
The instability can be understood by noting that at 7 > 0 there
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Fig. 2. Asymmetrically peaked individual utility as a function of block den-
sity. The utility is defined as u(p) = 2p if p < 1/2 and u(p) = m+2(1—m)(1—p)
if p > 1/2, where 0 < m < 1 is the asymmetry parameter. Agents strictly pre-
fer half-filled neighborhoods (p = 1/2). The agents also prefer overcrowded
(p = 1) neighborhoods to empty ones (p = 0).
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Table 1. Characteristics of the segregated equilibrium

Quantity m<2/3 2/3<m<1
1
bs 5y/@—m)y/(1—m) 1
u* ! m
1+/(1—m)/(2—m)
L* ! 1/2+ m/4

1+ /(1 —m)/(2—m)

The table displays the density ps in the nonempty blocks, the normalized
collective utility U* and the normalized link L* of the stationary configura-
tions obtained for a = 0. It is straightforward to check that U*(m) < 1 and
L*(m)>1/2form < 1.

is a positive probability that an agent accepts a slight decrease of
its utility and leaves a block with density p, = 1/2. The agents
remaining in its former block now have a lower utility and are
more likely to leave to go to another p; = 1/2 block. This depar-
ture creates an avalanche that empties the block as each move
away further decreases the utility of the remaining agents. This
avalanche stops when the stable (Nash) equilibrium, given by the
maximum of the potential, is reached. This state corresponds to
a spatially inhomogeneous repartition of agents in the city. To
understand the transition between mixed and segregated configu-
rations, it is instructive to calculate the values of both the overall
utility and the potential for different values of m (at o = 0). For
homogeneous towns, for all 7, the normalized collective utility
is given by U* = U/(poHQ) = u(pp = 1/2) = 1 and the nor-
malized link function equals L* = L/(poHQ) = €(po)/po = 1/2,
where ¢ is given in Eq. 5. The values of L* and U* displayed in
Table 1 show that the utility of the segregated equilibrium is lower
but that its potential is higher, explaining its stability. Note that
the gap between the link function values of the homogeneous and
segregated configurations increases with .

This increase helps one understand why the greater the m,
the greater the value of tax parameter necessary to reach the
homogeneous configuration. Indeed, the segregated states are
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Fig. 3. Phase diagram of the global utility as a function of the cooperativ-
ity a and the asymmetry m, at T — 0 and po = 1/2. The average utility per
agent U* = U/(poHQ) is calculated by maximizing the potential F(x) for the
peaked utility shown in Fig. 2 (see S/ Appendix). The plateau at high values
of a corresponds to the mixed phase of optimal utility, which is separated
from the segregated state by a phase transition arising at ac = 1/(3 — 2m).
The overall picture is qualitatively unchanged for low but finite values of the
temperature, (see S/ Appendix).

separated from mixed states by a phase transition at the critical
value o, = 1/(3 — 2m), which increases with m (Fig. 3). This
transition differs from standard equilibrium phase transitions
known in physics, which are most often driven by the competi-
tion between energy and entropy. Here, the transition is driven by
a competition between the collective and individual components
of the agents’ dynamics. The unsatisfactory global state of the city
can be interpreted, from the economic point of view, as an effect
of externalities: By moving to increase its utility, an agent may
decrease other agents’ utilities without taking this into account.
From a standard interpretation in terms of Pigouvian tax (19),
one expects that o = 1 is necessary to reach the optimal state
because by definition this value internalizes all the externalities
the agent causes to the others when moving. Our results show that
the optimal state is maintained until much lower tax values are

T=0 T=0.2 T=0.4

1 1 1
08 ] H 08 ] 0.8
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Fig. 4. Phase diagrams for the asymmetrically peaked individual utility (Fig. 2, with m = 0.8) for different values of T. Increasing the temperature T tends
to favor homogeneous states. For small but finite temperatures (roughly T < 0.2), the phase diagram is modified only for extremal values of pg, as expected
from the entropic term Ts(p) = —TpInp — T(1 — p) In(1 — p). As T is increased, the whole diagram is affected by the entropic term. Compared with the T = 0
case, the main change is the appearance of a second homogeneous phase for pg < 1/2. Although for pg > 1/2 homogeneity corresponds to the optimal choice
for the agents, for pg < 1/2, collective utility is not maximized in a homogeneous city. The city is homogeneous by noise, not by choice. Note that an increase
in o tends to reduce this domain, whereas it tends to increase the homogeneous domain for pg > 1/2.
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reached (for example, o = 1/3 atm = 0), asurprising result which
deserves further analysis. Another interesting effect is observed
for m > 2/3 (Fig. 3). Introducing a small tax has no effect on the
overall satisfaction, the utility remaining constant until a threshold
level is attained at o, = (3m — 2)/(6 — 5m).

We focused up to now on the zero temperature limit. For low
temperatures, the main qualitative conclusions are not modified,
as the phase diagram is modified only for extremal values of py by
entropic contributions. At higher temperatures, the city tends to
become homogeneous as the effect of “noise” (i.e., of the features
that are not described in the model) dominates over the utility
associated with the densities of the blocks (see Fig. 4).

Discussion

In the limit o = 0, our model becomes similar to Schelling’s seg-
regation model (8), with two main differences: the existence of
two types of agents of two colors and the definition of the agent’s
neighborhoods. We now show that these additional features do
not introduce any essential effect.

Let us start by introducing two types of agents with differ-
ent “colors” (such as red and green). Simple calculations (see
SI Appendix) show that for two species that only care about the
density of neighbors of their own color, the block potential Eq. 6
becomes

f(pr,p6) = —=TorInpr — TpgIn pg
— T - pr — pc)In(1 — pr — ps)

+ Ot[pR ur(pr) + oG Mc(pc)]
+(1- oc)[ /0 " ar(o)do + fo " ug(p/)dp’],

with straightforward notations (for example, ur(pr) represents the
utility of a red agent in a block with a density pg of red agents). In
the more general case of utility functions depending on both the
density of similar and dissimilar neighbors, it is also possible to
derive a block potential if the utility functions verify a symmetry
constraint. This constraint is not very restrictive, in the sense that
no qualitative feature of the model is lost when one restrains the
study to utilities that verify it (see SI Appendix).

Finding the equilibrium configurations amounts to finding
the set {p4r,pqc}, Which maximizes the potential F(x) =
Zq f(pqgr» Pgc) With the constraints Zq pgr = Opor and Zq 096 =
Opog, where pog and por represent, respectively, the overall
concentration of green and red agents.

Because of the spatial constraints (the densities of red and green
agents in each block g must verify psr + p4¢ < 1), the “two pop-
ulations” model cannot formally be reduced to two independent
“one population” models. However, the stationary states can still
be easily computed. Let us focus once again on the 7 — 0 limit
and suppose, for example, that pog = pog = po/2. The stationary
state depends once again on the values of py, m, and «. For low
values of a, it can be shown that the system settles in segregated
states where each block contains only one kind of agent with a
density po (see Fig. 54). For a > a,, the system settles in mixed
states where the density of a group in a block is either 0 or 1/2 (see
Fig. 5B). The reader is referred to ST Appendix for more details.

We now turn to the difference in agents’ neighborhoods. In
Schelling’s original model, agents’ neighbors are defined as their
eight nearest neighbors. Our model considers instead predefined
blocks of common neighbors. First, it should be noted that there
is no decisive argument in favor of either neighborhood definition
in terms of the realism of the description of real social neigh-
borhoods. Second, we note that introducing blocks allows for an
analytical solution for arbitrary utility functions. This contrasts
with the nearest neighbor case, where the best analytical approach
solves only a modified model that abandons the individual point
of view and is limited to a specific utility function (11). Finally,
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Fig. 5. Stationary configurations obtained by simulating the evolution of

a city inhabited by an equal number of red and green agents whose prefer-
ences are given by the asymmetrically peaked utility function (m = 0.5). The
rate of vacant cells (in white) is fixed to 10%. (A and B) The city is divided into
blocks of size H = 100. In accordance with the analytic model, a segregated
configuration is obtained when a = 0 (A) and a more homogeneous config-
uration is obtained for a = 1 (B). (C and D) The utility of an agent depends
on the local density of similar neighbors computed on the H = 108 nearest
cells. Although of different topological nature, a segregated configuration is
still obtained for o = 0 (C) and a homogeneous configuration is still obtained
for o = 1 (D). In all those simulations, we take T = 0.1. The small amount
of noise hence generated, although not changing the nature of the station-
ary states compared with the case T — 0, conveniently reduces the time of
convergence of the system.

the simulations presented in Fig. 5 show that the transition from
segregated to mixed states is not affected by the choice of the
neighborhood’s definition. We conclude that the block descrip-
tion is more adapted to this kind of simple modeling, which aims
at showing stylized facts as segregation transitions.

Our simple model raises a number of interesting questions
about collective or individual points of view. In the purely col-
lective case (o = 1), the stationary state corresponds to the maxi-
mization of the average utility, in analogy to the minimization of
energy in physics. In the opposite case (a = 0), the stationary state
strongly differs from the simple collection of individual optima
(20): The optimization strategy based on purely individual dynam-
ics fails, illustrating the unexpected links between micromotives
and macrobehavior (21). However, the emergent collective state
can be efficiently captured by the maximization of the link function
£(p) given in Eq. 5, up to constraints in the overall town density.
This function intimately connects the individual and global points
of view. First, it depends only on the global town configuration
(given by the p,), allowing a relatively simple calculation of the
equilibrium. At the same time, it can be interpreted as the sum
of the individual marginal utilities gained by agents as they pro-
gressively fill the city after leaving a reservoir of zero utility. In
the stationary state, a maximal value of the potential L is reached.
Therefore, no agent can increase its utility by moving (because
Au = AL), consistent with the economists’ definition of a Nash
equilibrium.

Equilibrium statistical mechanics has developed powerful tools
to link the microscopic and macroscopic levels. These tools are
limited to physical systems, where dynamics are governed by
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a global quantity such as the total energy. By introducing a
link function, analogous to state functions in thermodynamics or
potential functions in game theory (22), we have extended the
framework of statistical mechanics to a Schelling-like model. Such
an approach paves the way to analytical treatments of a much
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SUPPORTING INFORMATION

1 Phase separation

Focusing on the large H case, the problem gets back to finding the set {p,}
which maximize the potential F(z) = H ) f(p,) with the constraint } p,
fixed. We are interested to know whether the stationary state is statistically
homogeneous or inhomogeneous. Following standard physics textbooks meth-
ods, the homogeneous state at density pg is unstable against a phase separation
if there exists two densities p; and py such that

Yf(p1) + (1 =) f(p2) > f(po)- (1)

The parameter v (0 < v < 1) corresponds to the fraction of blocks that would
have a density p; in the diphasic state, while a fraction 1—+ would have a density
p2. This condition simply means that the value of the sum > q f(pg) is higher for
the diphasic state than for the homogeneous state, so that the diphasic state has
a much larger probability to occur. Geometrically, the inequality (1) corresponds
to requiring that f(p) is a non-concave function of p. The values of p; and py
are obtained by maximizing vf(p}) + (1 — ) f(ph) over all possible values of p}
and pl, with v determined by the mass conservation vp} + (1 — v)ph = po.

Further, the equilibrium coexistence points to a given temperature can be
determined by a double tangent method where the equilibrium densities of the
individual phase fall on the same tangent line of f(p). The first derivatives of
f are equivalent at these two densities and also equal to the slope connecting
these two points, ie,

f(p2) — f(p1)

20 iy, &)
Lo = 1en) _ gy Q

For the computation of functions depending on the global state of the city
such as the normalized collective utility U*(z) = U(x)/ >_, ng, two cases have
to be distinguished

e The case when there is one phase of density pg. In this case, the utility of
each agent is equal to the normalized collective utility :

U*(z) = u(po) (4)
e The case when there are two phases of densities p; and ps. In this case,

the normalized collective utility can be written as

U*(z) = W%u(m) +(1- v)%u(m) (5)
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Figure 1: Phase separation. The system of density pgy splits into two phases
of densities p; and ps if it increases its potential. The standard double tangent
construction determines the densities of the two phases at equilibrium.

with the conservation of the number of agents providing the value of the
fraction v = (p2 — po)/(p2 — p1) of blocks of density p;.

2 Asymmetrically peaked utility function
The specific form of the utility function is an input of the model, and it can be
postulated on a phenomenological basis, or rely on a theory of the interactions

among agents. To illustrate the influence of the parameter «, we choose to work
with the asymmetrically peaked utility function defined as:

ulp) = 2p if p <

N = N =

ulp) = m+2(1—-m)(1—p) ifp>
where m < 1 is a real parameter.
It is straightforward to verify that the function f(p) reads for p < 1/2
f(p) = =T(pInp+(1—p)In(1 - p)) + (1+ a)p? (6)
and similarly, for p > 1/2

F(p) = =T(pn p+(1—p) 1n<1—p>)—<1+a><1—m>p2+(2—m>p—<1—a><2—m>(/§
7

2.1 Limiting case T'— 0

Let us first consider the limiting case T' — 0. From the above expression of f(p),
it turns out that f(p) is convex for 0 < p < 1/2 and concave for 1/2 < p < 1, as
1 —m > 0. Thanks to Fig. 2, it is pretty clear that there exists ps(a,m) > 1/2
such that a phase of mean density pg is stable if pg > pa(a, m). In the opposite



m=0.7, T=0

0.8
0.6
fip)

0.4

0.2

0 0.2 04 0.6 0.8 1
p

Figure 2: Graphic representation of the f function for m = 0.7, T = 0 and
a = 0,0.3,0.5,0.7,1. The dash lines represent the part of the curves merging
with their concave hulls. The solid line hence corresponds to the range of mean
densities pg for which there is phase separation.

case, a phase separation occurs, and the densities p; and ps can be computed
as previously explained.

However, in the limit T' = 0, the line joining p; and ps does not correspond
to a double tangent. Due to the convexity of f on [0,1/2], one has p; = 0 and
f'(p1) = 0. To determine py, we first assume that 1/2 < py < 1, so that the
line joining p; = 0 to ps is a tangent to f at pe, which is expressed as:

F(02) = —(f(p2) — £(0). (8)
P2

1 /[1—-a 2—m
p27§V1+a 1—m’ )

From Eq. (9), we find that py is in the range 1/2 < py < 1 if (and only if)
the following condition is satisfied:

yielding

3m — 2 (m) < & < agm) 1
= +\Mm (61 A-\T) = .
6—5m ¢ 3—2m

(10)

Hence for a > a.(m), p2 sticks to the value py = 1/2. Similarly, for o < a(m),
one has ps = 1. These results are illustrated on Fig 3. The dependency of the
outcome with the mean density of agents is quite simple. For py < pa(c, m),
two kinds of blocks coexist in the stationary states: empty blocks and blocks of
density p2. The collective utility can then be written as

mif a < oy
U*(x) = u(ps) = 2—m—\/ﬁ—3(2—m)(1—m) if oy <a<ae (11)
lif o> a,

This expression clearly increases with «, as expected.
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Figure 3: Values of pa(a,m) at T = 0. If pg < p2(a, m), the system of density
po splits into two phases of densities p; = 0 and ps = pa(a, m) to increase
the value of the potential F'(z). Otherwise, the equilibrium corresponds to the
homogeneous phase of density pg.

In the opposite case for which py > pa(a, m), the density of the blocks in
the stationary states is homogeneous and the collective utility is then

U* () = upo) = 2 — m — 2(1 — m)pg (12)

Notice furthermore that the independence of collective utility with the tax
parameter « observed on Fig 3 of the article for a > a. and a < a; correspond
to domains for which the density p2 has reached a saturation value (respectively
1or1/2).

The phase diagrams presented on Fig. 4 give a more precise idea of the
influence of the parameter pg over the different phases in the stationary states.

2.2 Finite temperatures

Finally, we turn to the analysis of the model for finite values of T" and show
that the behavior of the model remains qualitatively similar to that obtained
previously in the 7' — 0 limit. The high T case is the simplest to analyze. For
2T/(1+a) > max)y 1) (4p(1 —p)) =1, f is concave on the two intervals [0, 1/2]
and ]1/2,1] where it is regular. One can moreover verify that at the singular
point p = 1/2, f’(1/2%) > f’(1/27), which ensures that f is concave on the
whole interval [0, 1]. Hence for T//(14+«) > 1/2, there is a single phase of density
Po-

In the opposite case 0 < T'/(1 + a) < 1/2, the analysis is somewhat similar
to the zero T limit. The function f is convex on the interval

11 1£<<1 (13)
2 V' 1ra) 5P 2

and concave on the complementary interval. As f(p) has an infinite slope in
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Figure 4: Phase diagrams at 7' = 0 for different values of m. For py >
1/2, phase separation is always a disadvantage in terms of collective utility.
The homogeneous phase, which maximizes the collective utility is stable from a
certain value of . For pg < 1/2, the collective utility is maximal for a separation
into two phases of densities p; = 0 and ps = 1/2, a separation obtained in the
stationary states when o > 1/(3 — 2m). For lower values of the tax, phase
separation is a disadvantage.

p =0 and p = 1, the densities p; and py satisfy 0 < p; < 1/2 and 1/2 < py < 1.
Assuming that ps = 1/2, the density p; is given by the implicit expression
(1-2p)* 2T
In (4p1(1 = p1)) 1+a

Then the assumption py = 1/2 is consistent as long as f/(1/2%) > (f(1/2) —
f(p1))/(1/2 — p1), which can be rewritten as

(14)

1—a(3-2m)
> 7 1
plpr) 2 — (15)
where the function ¢ is defined by
Inp—In(l—p
¢(p) =4p =1+ (1-2p) lop—tall = p) (16)

In(4p(1 —p))
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Figure 5: Phase diagrams at m = 0.8 for different values of T'. Increasing the
“temperature” T tends to favour homogeneous states. For T — 0, the phase
diagram is affected only for extremal values of pg, as can be expected from the
entropic term T's(p) = —Tplnp —T(1 — p)In(1 — p). As T is increased, all the
diagram is affected by the entropic term. Compared to the T' = 0 case, the main
change at low T is the onset of a second homogeneous phase for py < 1/2. But
whereas for pg > 1/2 homogeneity corresponds to the best interest of the agents,
for pp < 1/2, collective utility is not maximized in an homogeneous city. This
homogeneous domain is here purely induced by noise. Note that an increase
in a tends to reduce this domain while it tends to increase the homogeneous
domain for pg > 1/2.

Note that the inequality (15) is automatically verified if & > 1/(3 —2m), as the
function ¢ is positive. If the inequality (15) is not satisfied, then py > 1/2, and
the values of p; and py are solutions of two coupled non-linear equations, that
can be solved numerically.

The phase diagrams presented on Fig 5 give a idea of the influence of the
“temperature” T over the stationary states of the system.

3 Model with two types of agents - one variable
utility functions

We present in this section extended results of a model with two types of agents
in the case where the utility of the agents depends only on the number of similar
neighbors. Section 4 present some results for the case when the utility of the
agents depends both on the number of similar and dissimilar neighbors.



3.1 Bases of the model
3.1.1 Notations

In this section, describing a city inhabited by two types of agents (that we refer
to as red and green agents), we will note:

(@ the number of blocks the city is divided in, each block being composed of
H cells;

x a configuration of the city, corresponding to the knowledge of the state
(empty, red or green) of each cell;

ngr(x) and ngg(z) the numbers of red and green agents living in the block
4q;

u(ngr/H) (resp u(ngg/H)) the utility of a red (resp green) agent living in
block ¢, with «(0) = 0 by convention;

Ny = Zq ne < QH the total number of agents;

Ng =) ngr the total number of red agents (idem for the green ones);

U(z) = iq(nqru(nqr/H) + nggu(ngg/H)) the total utility in configuration
;

L(z) = >, (ZZ";O u(m/H) + S, u(m/H)) the value of the “linking
function” in configuration x.

0 < a <1 the tax parameter.

3.1.2 Dynamic rule

At each iteration, one picks at random an agent and a vacant cell. The agent
moves in this empty cell with a probability

1 1
1+ e Buta(AU-Au)/T — 1 1 ¢ (1-a)AutaAl)/T

Pr{move} = (17)

where Aw is the variation of utility which the chosen agent can achieve by
moving, AU is the variation of global utility which would result from this same
move and 0 < « < 1 is an “altruism” parameter (for « = 0 the move only
depends on the egoistic interest of the agent, for & = 1 it only depends on the
collective interest).

3.1.3 A potential function

Let us define two states z and y as immediately communicating states (ICS) if
we can switch from state x to state y by moving one single agent. Whatever the
form of the utility function u, one has for every move Au = AL. The transition
probability from a configuration x to a configuration y in one iteration can thus
be written:

1

1] e~ (=)L)~ L@)+aU ) -U@)/T
e(1=0)L(y)+aU())/T

T2V (=) L@ +alU@)/T § e((1—a)L{y)+al(®)/T

Py,

where 7, takes into account the probability to pick the right agent and the
right vacant cell that allow to pass from x to y:



1
= — if I 1
Yoy No(QH = No) if z and y are ICS, (18)

Yoy = 0 if  and y are not ICS. (19)

Since the function

e(lfa)L(a:)+aU(:c)

Zz e(l—a)L(z)+aU(z)

I(z) = (20)

is the unique normalized function that verifies for all z and y the detailed bal-
ance:

(z)Poy = Il(y) Pyo (21)

one can identify II as the stationary distribution function.

There is nR!nG!(Hhi!nR—nG)! ways of ordering ng undifferentiated red;'gents

nr+ng)!(H—nr—ng)!

and ng undifferentiated green agents in H cells. Indeed, there is 4

ways of placing the vacant cells and % ways of placing the agents’ colors.

So one can compute the stationary distribution function for the coarse-grained
states {pq}:

1 H! (a-
1I = — ( a)L(a:)-i—aU(w))/T 99
SN2 | Sy s i .
1
_ L H/TY, f(ngT.H) o
VA
where
T | (H — _ !
f(nRan7T,H) = _ﬁln(nR ng ( H'nR TZ,G) )
- olpunll) )

+ (1- a);jmzf:ouR<g) +(1- a);jgu(;(Z)

The configurations that maximize the potential F'(z) = 3, f(nr,ng,T)
are the more probable to come up. In the limit H/T — oo, these configura-
tions are even the only ones that will appear in the stationary states (since
I(x)/T(y) = /TE@=FW) 5 0 for F(z) — F(y) <0 and H/T — o).

3.1.4 Continuous limit

In the limit H — oo, by keeping constant the mean density po = No/H and the
density of each block p, = ny/H (py hence becoming a continuous variable),
one has thanks to Stirling’s formula:

0 (nR!ngl(H —ngr —ng)!

1 ) ~ H(PqR Inpgr + pgc Inpec + (1 = pgr — pec) In(1 — pgr — PqG))



and the stationary distribution can be written as:

1
H({pq}) = Z 1;[ eH/TF(par:pec:T) (24)
where the “block-potential” is
for,pc,T) = —Tprlnpr—Tpgnpe —T(1—pr—pc)n(l - pr —pc)
+ aprur(pr) + apcuc(pc)
PR PG
+ 1=a) [ un)dp + (1) [ ucl)dp
0 0

The problem hence gets back to find the set {pyr, pqc} which maximizes
the potential F = Zq f(pqr, Pqc, T') with the constraints Zq pqr = Qpor and
Zq PeG = Qpoc-

Comparing this result to the result of the one population model, the ‘two
populations model’ for 7' = 0 is similar to the sum of two ‘one population
models’, one for each color. The only difference is introduced by the spatial
constraint: the densities of red and green agents in each block ¢ must verify
Pqr + pgc < 1. At non-zero temperature the —T'(1 — pr — pe) In(1 — pr — pa)
term links both populations.

3.2 Homogeneous-inhomogeneous transitions

The homogeneous phase may be unstable with respect to phase separation.
Let us split the system into two phases of densities p1 = (p1r, p1g) and ps =
(p2r, p2¢). The constraint that the overall densities of particles/agents are
po = (por, poc) is expressed by the lever rule:

{ Q1+ Q2 =Q
Qip1 +Q2p2 = Qpo

where (1 and @5 are respectively the number of blocks of density p; and ps.
The homogeneous phase is stable against phase separation if for all p; and po

Q1f(p1) + Q2f(p2) < Qf(po) (25)

Geometrically, this inequality corresponds to requiring that f(p) is a concave
function.

When the concavity requirement is violated, phase separation will occur for
certain values of pg. The equilibrium densities p; and ps are such that the line
that joins the points (p1, f(p1)) and (p2,f(p2)) is part of the concave hull of the
function.

In the 2 populations model there is a possibility that the system is split into 3
phases of densities p1 = (p1g, p16), P2 = (p2r, p2¢) and ps = (p3r, p3c). The
constraint that the overall densities of particles/agents are pg = (por, poc) is

now:
Q1+ Q2+ Q3 =Q
Q1p1r + Qap2r + Q3psr = Qpor
Qip1c + Q2p2c + Q3psc = Qpoc



where @1, Q2 and Q3 are respectively the number of blocks of density pi1, p2
and ps.
And the equilibrium densities p1, p2 and p3 are now such that the plane that

joins the points (p1, f(p1)), (p2,f(p2)) and (ps,f(p3)) is part of the concave hull
of the function.

For some values of the parameters there may even be 4 points of the same plane
belonging to the f function and its concave hull. In this case there will be a
continuum of possible values of @1, Q2, Q3 and Q4 verifying the global density
constraints.

3.3 With a peaked utility function
Expression of the f function

Let us consider for both populations the asymmetrically peaked utility function
defined for m < 1 as:

u(p) =2p ifp<05
ulp)=m+2(1—m)(1—p) if p>0.5

For pr < 0.5 and pg < 0.5, the f function is:

flr,g) = —T(rlnr—glhg—(1—r—g)ln(l—r—g))+ (1 +a)(r*+g°)
%(T,g) = —T(lnr—In(1—r—g))+2(1+a)r
%(W) = —T/r=T/Q-r)+2(1+a)

(Partial derivatives relative to g are obtained by replacing g <> r)

For pr > 0.5 and pg < 0.5:

flr,g) = —T(Tlnr+glng+(1—r—g)ln(1—r—g))—(1+a)(1—m)7“2+(2—m)7"
— (1fa)(2fm)/4+(1+a)g2
%(r,g) = —T(lnr—In(l—-r—g)) =21+ a)(l—m)r—(2—m)
%(r,g) = -T/r—T/1-r—g)—2(1+a)(1l—m)
g—;(r,g) = —T(lng—In(l—r—g)+2(1+a)r
Pg) = ~Tlg-T/0—r—g)+201 + )

The situation pr < 0.5 and pg > 0.5 can be obtained by replacing g < r
in the previous paragraph.

For T'=0

f is concave in pr and pg for pr and pg < 0.5. For pg > 0.5 and pg < 0.5, f
is concave in pg and convex in pg (and conversely for pr < 0.5 and pg > 0.5,

10



f is concave in pg and convex in pg).
The concave hull of the function has a different form for different values of
the parameters o and m:

e for a > ﬁ the points (O7 %,f(O, %)) and (;O,f(%,O)) belong to the
concave hull whereas for a < 3712m they are replaced by the points

(0, p2, £(0,p2)) and (p2,0, f(p2,0)) with po(a,m) = 3 % f:—z (see
the resolution of the one population model).

e for a > 7% the point (%, %, f(%» %)) belongs to the concave hull whereas

-3
for a < —2— it does not.

4—3m
So there are three possible situations, shown on figure 6:

08
1 06 /S
/ /
/
o
/‘
04 /
//
02 2 P /
7 3
////’
1 05 0 05 1

Figure 6: The domains of different concave hulls for different values of m and «

a > =—L— (which will be case 1)

3—2m

o B Sas b (ase?)

o a < ;% (case 3)

Case 1

The number and composition of the phases depend on the global densities pg =
(por, poc) (see figure 7).

In part A of figure 7, the system separates into 3 or 4 phases of densities (0, 0),
(0, %), (%, 0) and (%, %) in respective quantities @)1, Q2, @3 and @4, which must
verify

Q2+ Q4 = 2Qpoc

Q3+ Q4 = 2Qpor

Q1 +Q2+Q3+Q1 =0Q

11
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Figure 7: Domains of different phases for different global densities in case 1

The system can build either 3 or 4 phases because red and green agents do not
7see” each other: their utility is maximal when half of the block is filled with
agents of their color, the other half being either empty or filled with agents of
the other color.

In part B, the system separates into 2 phases of densities (%, 0) and (%, %)
with respective weights @1 = Q(1 — 2pog) and Q2 = 2Qpoc-

And symmetrically in part C the system separates into 2 phases of densi-
ties (0, 97 L9%) and (1,1) with respective weights @1 = Q(1 — 2por) and

Q2 = 2Qpor.

Case 2

The number and composition of the phases depend again on the global densities
as shown on figure 8.

In part A of figure 8, the system separates into 3 phases of densities (0,0),
(0, p2(a,m)) and (p2(c,m),0) in respective quantities Q; = Q(1 — p”’*p%),
Q2 = Q%< and Q3 = QL.

In part B the system is split into 3 phases of densities (0, p2), (p2,0) and (%, %)

2poc —1)+por—poc Q :QP2(2P0R*1)+pOG*POR
2p2(p2—1) 1 w2 2p2(p2—1)

in respective quantities Q; = Q22

and Q3 — QP2*P0§IPOG.

P2
In part C the phase decomposition is the same as in part B of case 1 and in
part D it is the same as in part C of case 1.

Case 3

The different domains of phase decomposition are shown on figure 9.

In part A of figure 9 the system separates into 3 phases like in part A of case B.

12
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Figure 8: Domains of different phases for different global densities in case 2

Por

P2

0 12 p, 1 P

Figure 9: Domains of different phases for different global densities in case 3
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In part B there are 2 phases of densities (por + pog,0) and (0, por + poc) in

. oy _ POR _ POG
respective quantities @ = Q=8 and Q2 = Q<.

Interpretation

At zero temperature, the two populations model is indeed very similar to the one
population model: both populations of agents see each other only as occupied
cells (the utility of a red agent does not depend on the number of green agents in
the block). The main difference with two superimposed one population models
lies in the fact that blocks with density (%, 1) are full of agents with maximal
utilities and cannot take in more agents, so that for certain values of the global
densities, in cases 1 and 2, there is a phase of half-red, half-green blocks and
another phase containing the excess of the more numerous type of agents with
a higher density (and thus an inferior utility).

For T'> 0

At high temperatures, the entropic term of the f function is the leading term,
and as it is a concave one, the function is concave everywhere : for any density
po = (por,poc), the system stays in an homogeneous phase because of the
strong noise.

For intermediate values of the temperature, the system has a behavior between
a noise driven one and the one it has at zero temperature, but we do not study
it further here.

4 Model with two type of agents - two variables
utility functions

We present here some preliminary results in the case when the utility functions
may depend on the number of similar and dissimilar agent. The utility of a
red (resp. green) agent living in block ¢ is noted ugr(ngr/H,nqq/H) (resp
uc(nge/H,nqr/H)).

4.1 Definitions

Let U be the set of pairs of utility functions (ug, ug) that verify, for all (ng,ng) €
Eyg ={(ngr,n¢),0 <ng+ng < H}, the following condition:

ur(ng/H,ng/H) —ur(nr/H,ng/H + 1/H) =
ug(ng/H,ng/H) —ug(nr/H +1/H,ng/H) (26)

Condition (26) only imposes that if a block contains ng + 1 red agents and
ng + 1 green agents, the utility gain a red agent would achieve if a green agent
left must be the same as the utility gain a green would achieve if a red agent left.
As we show below, this condition is not strongly restrictive from a theoretical
viewpoint, which means that our approach can be applied to virtually all the
usual utility functions.

14



Indeed, it is useful to remark that the set U is composed of the pairs of
utility functions (ug, ug) which are written:

ngg—1
ur(np/H,ng/H) = Ep(np/H)+ Z &(ngr/H,9/H)
UG(HR/H,TLg/H) = fg(’ng/H)-‘r qz f(?“/H,’nqg/H) (27)
r=0

where g and &g are arbitrary functions of one variable and £ an arbitrary
function of two variables.

In the limit of a very low vacancy rate, there is no vacant cells in most of
the blocks, ie in these blocks the relation nyr + nq¢ = H holds. Hence, one
only needs one parameter among (ngr,n4c) to define a utility function and
considering for instance that an agent’s utility only depends on his number of
similar neighbors is sufficient to describe all possible cases. This can simply
be done by taking £ = 0 in Eq. (27), while keeping the functions {r and &g
independent and free. The set U hence describes all possible pairs of utility
functions in the limit v — 0.

4.2 Link function

For each pair of utility functions (ug,uqg) of U, there exists one corresponding
link function Ly, ) such that Au = AL for each possible move. With the
notations introduced at the previous section, this function L can be written as:

ngr—1 ngg—1 ngr—1n4sg—1

=2 (X et/ X colafH)+ 30 3 €/ Hl) ()

The proof is rather straightforward: it is sufficient to verify that the relation
Au = AL holds for any possible individual move.
In the thermodynamic limit, L ~ H }_ {(pgr, pec:), with

PR PG PR
Upms pc) = /O dpen(o) + /0 dp'c(p / ap / dp"E(p ") (29)

Starting from this expression of the link function, it is straightforward to
derive an expression for the potential F'(x). Once a specific pair of utility func-
tion (ug,uq) is chosen, the stationary configuration can be computed thanks
to phase transition methods.

4.3 Number wvs fraction of similar neighbors’ dependent
utility functions

Up to now, we have defined the utility as a function of the numbers (or densities)
of similar and dissimilar agents. In the (Schelling) literature, one often finds
the utility defined as a function of the fraction of similar neighbors. Denoting
by pqv = 1 — pgr — pgc the density of vacant cells in block ¢, the fraction of
similar neighbors for a red agent living in block ¢ would be e.g.:

sp=—9k __ _ _PR (30)
NgR + NgG 1- 4%
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The question then arises of whether our formalism applies to such a defini-
tion. It can easily be checked that, in general, a pair (ug, ug) of utility functions
defined on the fraction of similar neighbors do not satisfy the conditions (27).
However, Eq. (30) shows that, for a block with a low density of vacant cells,
sgr = pr at first order in py. Therefore, descriptions of the model based on
sr or pr become similar if the global vacancy rate is low. In practice, even for
vacancy rates as high as 10%, simulations run with utility functions depending
on sp = instead of pr lead to qualitatively equivalent stationary configurations,
as shown by Fig. 10.

1
s — :
= Moore's continuous
neighborhood
003 1
s=S/(H-V)
1
g
= Bounded
neighborhood
%03 1
p=S/H

Figure 10: Snapshots of stationary configurations obtained by simulations. Up:
the agent’s utility function depends on their fraction of similar neighbors. The
agent’s neighborhood is composed of the H cells surrounding them. Bottom:
the agent’s utility functions depend on the number of similar neighbors. The
neighborhood is composed of the H cells of the block they are living in. The
values used in the figures are : Q = 36, H = 100, vacancy rate: 10%.
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